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This paper examines the frictionless adhesive elastic contact problem of a rigid sphere
indenting a thin ﬁlm deposited on a substrate. The result is then used to model the
elastic phase of micro-nanoscale indentation tests performed to determine the mechan-
ical properties of coatings and ﬁlms. We investigate the elastic response including the
effects of adhesion, which, as the scale decreases to the nano level, become an impor-
tant issue. In this paper, we extend the Johnson–Kendall–Roberts, Derjaguin–Muller–
Toporov, and Maugis–Dugdale half-space adhesion models to the case of a ﬁnite thick-
ness elastic ﬁlm coated on an elastic substrate. We propose a simpliﬁed model based on
the assumption that the pressure distribution is that of the corresponding half-space
models; in doing so, we investigate the contact radius/ﬁlm thickness ratio in a range
where it is usually assumed the half-space model. We obtain an analytical solution
for the elastic response that is useful for evaluating the effects of the ﬁlm-thickness,
the interface ﬁlm–substrate conditions, and the adhesion forces. This study provides a
guideline for selecting the appropriate ﬁlm thickness and substrate to determine the
elastic constants of ﬁlm in the indentation tests.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
With increasing nanoscale technology and nanoindentation instrument sensibility, experimental results have shown that
the contact area and indentation of the bodies in contact is much larger than has been estimated with the Hertz model; this
effect is pivotal when the contacting bodies are small or compliant in nature (Fischer-Cripps, 2004).
Various continuummechanical models have been used to study the effects of adhesion between homogeneous elastic sol-
ids. The ﬁrst adhesion theory was presented by Johnson, Kendall, and Roberts (JKR) in 1971 and introduced adhesive forces
inside the contact area by extending the Hertzian analysis (Johnson et al., 1971). A different theory, in which molecular
forces act only in an annular ring-shaped zone outside the contact area, was presented by Derjaguin, Muller, and Toporov
(DMT) in 1975 using the adherence force model of Bradley for a rigid sphere and a rigid plane (Derjaguin et al., 1975). Tabor,
in 1977, revealed that the main limit in the DMT theory is that the deformation due to attractive forces inside the contact
were not taken into account, whereas the JKR theory does not take them into consideration outside the contact. These the-
ories are then applied to the opposite ends of a spectrum of a non-dimensional parameter introduced by Tabor (Tabor, 1977;
Zhao et al., 2003; Shi and Zhao, 2004). More recently, an intermediate regime analysis was performed by Maugis by intro-
ducing the Dugdale approximation on the Lennard–Jones interaction forces on an annulus around the contact region (Mau-
gis, 1999; Johnson, 1997).
The theories previously presented, describing the mechanics of adhesion between a sphere and a homogeneous elastic
solid, are successfully applied on multi-layers when the surface layer thickness h is much larger than the contact radius a. All rights reserved.
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distribution and contact radius estimate change in comparison to the half-space theory, as in the case without adhesion (Gao
et al., 1992; Li and Chou, 1997; Yoffe, 1998; Schwarzer and Pharr, 2004). Some authors have observed that when the indenter
is spherical (or conical) and the ﬁlm is soft, the contact area radius and the pressure both increase (with respect to the half-
space prediction), and the increases are lower than 10% (contact radius) and 20% (pressure distribution), result from the ratio
a/h < 0.2 (Yu et al., 1990).
When the contact scale decreases to the nano level, these predictions are questionable for the measurement accuracy, as
recently remarked by Gao et al. (2008), and for the presence of adhesion forces that can affect the relationships between the
applied force, the penetration of the indenter, and the contact area.
Motivated by the need to fully understand these effects, some authors have studied how to extend the half-space adhe-
sion models to a layered system. Recently, Johnson and Sridhar (2001) and Sridhar et al. (2004) extended the JKR theory to a
layered elastic system by using the ﬁnite element (FE) approach, and compared their results with those of the homogeneous
isotropic half-space case. Their analyses show that the deformation is conﬁned to the surface layer, and the JKR model can be
used by replacing the elastic properties of the half-space with those of the layer when considering a thick layer or small
indentation (ratio a/h < 0.5). An overview of contact mechanics and adhesion of soft solids was presented in Shull (2002);
he proposed approximate expressions for the indentation, compliance, and resultant pressure due to ﬁnite values of a/h
(Shull et al., 1998). These semi-empirical expressions, suggested by experimental results and validated by ﬁnite element
models, take a simpliﬁed form in the frequent special case a/h < 0.5, where the author assumed that the load is not signif-
icantly different from the Hertzian value.
A discussion of uncertainties associated with the nanoscale experimental tests highlights the necessity of better under-
standing the contact behavior of polymers by studying analytical adhesion and/or viscoelastic and viscoplastic models to val-
idate material-independent calibration procedures in advanced instrumentations. In this way, Wang et al. (2004) studied the
nanoindentation of polymeric thin ﬁlms with an interfacial force microscope (IFM) by experimental and ﬁnite element sim-
ulations to obtain the elastic properties of the ﬁlms. They conﬁrmed that for a wide range of material combinations, the sub-
strate affects the indentation results; they also proposed that the contact radius should be less than 10% of the thickness so
the contact mechanics theory for monolithic materials could be used without considering the presence of the substrate. Most
recently, Sergici et al. (2006) investigated the contact of a spherical indenter with a layered elastic half-space including a
Maugis-type adhesion model. The elastic ﬁeld is obtained in terms of integral equations which are solved numerically,
and a sensitivity analysis is performed to highlight the key parameters of the elastic response (layer thickness, layer/sub-
strate elastic properties, adhesion parameters).
The previous papers show that there is a range of values a/h where one commits a relatively small error if one adopts
the half-space solution to the soft ﬁlm as well. With this motivation, in this paper we propose a semi-inverse method in
which we consider a perfectly elastic thin ﬁlm (with and without adhesion) where, instead of assuming the displace-
ment ﬁeld in the contact area as input data, we assume the pressure distributions and the contact area radii known
in the literature for the corresponding half-space models (Sburlati, 2006). This assumption allows us to overcome the
mathematical difﬁculties involved in the exact analytical method (as a contact problem; Sneddon, 1966) and to extend
the Hertzian, JKR, DMT, and MD half-space adhesion models to thin elastic ﬁlms coated on elastic substrates. In doing
so, the elastic ﬁeld in the ﬁlm and in the substrate can be found by means of an analytic formula, taking into account
the real ﬁnite thickness of the ﬁlm. Modiﬁcations of the contact law due to ﬁnite sizes and adhesion forces are studied
in this paper for different ﬁlm–substrate interface conditions. An accuracy examination analysis and ﬁnite element (FE)
examples will conﬁrm the range of validity of the main hypothesis on the pressure distribution and show how the adhe-
sion forces and the different ﬁlm/substrate interface conditions affect the elastic solution. Furthermore, we will compare
our results with those given by the semi-empirical Shull formula for soft ﬁlm, obtaining a good agreement (Shull et al.,
1998; see Eq. (30)).
Finally, we observe that, by assuming different pressure distribution forms and contact area radii estimated by numerical
or experimental methods, the present elastic analytical solution can be a benchmark to validate the elastic states obtained
from numerical methods.2. Elastic solution
In this section, we study the indentation problem of a rigid, frictionless, axisymmetric indenter on an elastic ﬁlm of thick-
ness h coated on an elastic substrate. Consider a cylindrical coordinate system (0,r,#,z) such that z is parallel to the generator
of the indenter, and the origin 0 is placed at the ﬁrst contact point between the indenter and the ﬁlm (Fig. 1).
The problem is axisymmetric; hence, we study the radial and the transversal displacement ﬁelds u(f)(r,z), u(s)(r,z) and
w(i)(r,z), w(i)(r,z), where the superscripts ‘‘f” and ‘‘s” denote the ﬁlm and the substrate, respectively. Due to the local char-
acter of the indentation effect, we limit our investigation to the volume of a cylinder of radius b where the indentation
effect is conﬁned; supposing that b is sufﬁciently large with respect to the radius a of the contact area (a b), we
assume:wðf Þðb; zÞ ¼ 0 and wðsÞðb; zÞ ¼ 0 for r P b ð2:1Þ
Fig. 1. A spherical indenter penetrating a ﬁlm on a substrate.
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the substrate can be written using the following Dini and Fourier–Bessel expansions (Watson, 1944; Sneddon, 1966):uðf Þðr; zÞ ¼ 
X1
j¼1
gðf Þj ðzÞ/j J1ð/jrÞ; wðf Þðr; zÞ ¼
X1
j¼1
f ðf Þj ðzÞ J0ð/jrÞ
uðsÞðr; zÞ ¼ 
X1
j¼1
gðsÞj ðzÞ/j J1ð/jrÞ; wðsÞðr; zÞ ¼
X1
j¼1
f ðsÞj ðzÞ J0ð/jrÞ
ð2:2Þwhere J0 and J1 denote the Bessel functions of the ﬁrst type and /j ¼
Zð0Þj
b
and Zð0Þj denote the positive zeros of J0(x).
Using these expressions, the elasticity equations become:ð2mf  1Þ d
2
dz2
gðf Þj þ
d
dz
f ðf Þj þ 2ð1 mf Þ/2j gðf Þj ¼ 0
2ð1 mf Þ d
2
dz2
f ðf Þj þ /2j
d
dz
gðf Þj þ ð2mf  1Þ/2j f ðf Þj ¼ 0
ð2:3Þandð2ms  1Þ d
2
dz2
gðsÞj þ
d
dz
f ðsÞj þ 2ð1 msÞ/2j gðsÞj ¼ 0
2ð1 msÞ d
2
dz2
f ðsÞj þ /2j
d
dz
gðsÞj þ ð2ms  1Þ/2j f ðsÞj ¼ 0
ð2:4Þwhere mf and ms are the Poisson ratios. The solutions of Eqs. (2.3) and (2.4) are:f ðf Þj ðzÞ ¼ CðjÞ1 coshð/jzÞþCðjÞ2 sinhð/jzÞþCðjÞ3 z coshð/jzÞ þ CðjÞ4 z sinhð/jzÞ
gðf Þj ðzÞ ¼ 
1
/j
CðjÞ1 sinhð/jzÞ 
1
/j
CðjÞ2 coshð/jzÞ 
1
/j
CðjÞ3
1
/j
ð3 4mf Þ coshð/jzÞ þ z sinhð/jzÞ
" #
 1
/j
CðjÞ4
1
/j
ð3 4mf Þ sinhð/jzÞ þ z coshð/jzÞ
" #
;
ð2:5Þ
f ðsÞj ðzÞ ¼ Q ðjÞ1 coshð/jzÞþQ ðjÞ2 sinhð/jzÞþQ ðjÞ3 z coshð/jzÞþQ ðjÞ4 z sinhð/jzÞ
gðsÞj ðzÞ ¼ 
1
/j
Q ðjÞ1 sinhð/jzÞ 
1
/j
Q ðjÞ2 coshð/jzÞ 
1
/j
Q ðjÞ3 ½
1
/j
ð3 4msÞ coshð/jzÞ þ z sinhð/jzÞ
 1
/j
Q ðjÞ4
1
/j
ð3 4msÞ sinhð/jzÞ þ z coshð/jzÞ
" #
;
ð2:6Þwhere the coefﬁcients CðjÞ1 ;C
ðjÞ
2 ;C
ðjÞ
3 ;C
ðjÞ
4 ;Q
ðjÞ
1 ;Q
ðjÞ
2 ;Q
ðjÞ
3 ;Q
ðjÞ
4 are determined by the boundary and interface conditions. The dis-
placement ﬁeld becomes:
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X1
j¼1
CðjÞ1 sinhð/jzÞ þ CðjÞ2 coshð/jzÞ þ CðjÞ3
1
/j
ð3 4mf Þ coshð/jzÞ þ z sinhð/jzÞ
" #(
þ CðjÞ4
1
/j
ð3 4mf Þ sinhð/jzÞ þ z coshð/jzÞ
" #)
J1ð/jrÞ
wðf Þðr; zÞ ¼
X1
j¼1
½CðjÞ1 coshð/jzÞ þ CðjÞ2 sinhð/jzÞ þ CðjÞ3 z coshð/jzÞ þ CðjÞ4 z sinhð/jzÞJ0ð/jrÞ:
ð2:7Þ
uðsÞðr; zÞ ¼
X1
j¼1
Q ðjÞ1 sinhð/jzÞ þ Q ðjÞ2 coshð/jzÞ þ Q ðjÞ3
1
/j
ð3 4msÞ coshð/jzÞ þ z sinhð/jzÞ
" #(
þ Q ðjÞ4
1
/j
ð3 4msÞ sinhð/jzÞ þ z coshð/jzÞ
" #)
J1ð/jrÞ
wðsÞðr; zÞ ¼
X1
j¼1
Q ðjÞ1 coshð/jzÞ þ Q ðjÞ2 sinhð/jzÞ þ Q ðjÞ3 z coshð/jzÞ þ Q ðjÞ4 z sinhð/jzÞ
h i
J0ð/jrÞ:
ð2:8Þand the stress ﬁeld is reported in Appendix.
To explicitly ﬁnd the elastic solution (2.7 and 2.8), in the next section, we assume boundary conditions on the free surface
and on the interface ﬁlm/substrate (Sburlati, 2006).
3. Boundary and interface conditions
The ﬁnite thickness layer indentation problem is a contact elastic problem: one assumes that the z-component of the sur-
face displacement w in the contact region is given by the shape of the indenter and that the shear is vanishing, while the
region outside of the contact zone is stress-free.
The analytical solution to this problem is very difﬁcult to reach due to integration difﬁculties (Sneddon, 1966); on the
other hand, the solution can be written in terms of singular integral equations and obtained using numerical techniques.
Due to the complexity of the analytical problem, we introduce a method in which the pressure distribution is pre-as-
signed and given by the corresponding half-space models; consequently, the contact area radius is determined by using
the relationship for the half-space model. So doing, the action of an indenter is described in terms of a pressure distribution
on the free surface, and we thus have a traction elastic problem (Li and Chou, 1997; Schwarzer and Pharr, 2004; Gao et al.,
2008).
On the free surface (z = 0), the normal and shear stress components are assumed to be as follows:rðf Þzz ðr; 0Þ ¼ pðrÞ and rðf Þrz ðr;0Þ ¼ 0: ð3:1Þ
Now, it is convenient to write the normal pressure distribution p(r) with a Fourier–Bessel expansion in the form:pðrÞ ¼
X1
j¼1
AjJ0ð/jrÞ ð3:2Þwhere Aj are the coefﬁcients of the expansions, i.e.,Aj ¼
2
R a
0 rpðrÞJ0ð/jrÞdr
b2J1ðb/jÞ2
; ð3:3Þand a is the contact area radius where p(r) is not vanishing.
On the other hand, in the substrate, for large z (z? 1), the displacement ﬁeld satisﬁeslim
z!1
uðsÞðr; zÞ ¼ 0 and lim
z!1
wðsÞðr; zÞ ¼ 0 ð3:4Þand as a result, we getQ ðjÞ1 ¼ Q ðjÞ2 and Q ðjÞ3 ¼ Q ðjÞ4 ð3:5Þ
The isotropic ﬁlm is assumed to be either in frictionless contactwith or perfectly bonded to the elastic substrate. The solutions
obtained for both of these ideal cases are taken into consideration to provide a bound for the real cases where the contact is
neither frictionless nor perfectly bonded (Yu et al., 1990).
3.1. Perfectly bonded case
At the interface (z = h), we required the continuity of displacement and stress components, i.e.
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½rzzðr; hÞ ¼ 0; ½rrzðr;hÞ ¼ 0: ð3:1:1ÞConditions (3.1.1) together with Eq. (3.1) allow us to obtain the explicit form of the remaining coefﬁcients CðjÞa ;a ¼ 1; ::;4 and
Q ðjÞa ;a ¼ 2;4 in terms of Aj (see Appendix (a)).
3.2. Frictionless contact
At the interface (z = h), we required that there be continuity of transversal displacement and normal stress and that the
shear stresses be null:½wðr; hÞ ¼ 0; rðiÞrz ðr;hÞ ¼ 0; ½rzzðr; hÞ ¼ 0: ð3:2:1Þ
These conditions require that the indentation is very shallow (R a) to avoid the discontinuity of rzz on the interface
surface. Also in this case, conditions (3.2.1) together with Eq. (3.1) allow us to ﬁnd the coefﬁcients CðjÞa ;a ¼ 1; ::;4 and
Q ðjÞa ;a ¼ 2;3 in terms of Aj (see Appendix (b)).
The displacement ﬁeld is obtained in explicit form from Eqs. (2.7) and (2.8), by taking into account the coefﬁcient expres-
sion Aj, for a detailed pre-assigned pressure form and the coefﬁcients, C
ðjÞ
a ;a ¼ 1; ::;4 and Q ðjÞa ;a ¼ 2;4, for different interface
conditions (Sections 3.1 or 3.2).
We also highlight the case of a rigid substrate, where the coefﬁcients assume the following simple forms for the perfectly
bonded case:CðjÞ1 ¼
ð1 m2Þ½ð4m 3Þ sinhð2/jhÞ þ 2/jh
E/j½/2j h2  ð4m 3Þcosh2ð/jhÞ þ ð1 2mÞ2
Aj C
ðjÞ
3 ¼
ð1þ mÞ½ð4m 3Þ coshð2/jhÞ  1
2E½/2j h2  ð4m 3Þcosh2ð/jhÞ þ ð1 2mÞ2
Aj
CðjÞ2 ¼
ð1þ mÞ½ð4m 3Þðm 1Þðcoshð2/jhÞ þ 1Þ þ /2j h2
E/j½/2j h2  ð4m 3Þcosh2ð/jhÞ þ ð1 2mÞ2
Aj C
ðjÞ
4 ¼ 
ð1þ mÞ½ð4m 3Þ sinhð2/jhÞ þ 2/jh
2E½/2j h2  ð4m 3Þcosh2ð/jhÞ þ ð1 2mÞ2
Ajand for the frictionless contact case:CðjÞ1 ¼
2ð1 m2Þ½1 coshð2/jhÞ
E/½j sinhð2/jhÞ þ 2/jh
Aj C
ðjÞ
2 ¼
2ð1þ mÞ½ð1 mÞ sinhð2/jhÞ þ /jh
E/½j sinhð2/jhÞ þ 2/jh
Aj
CðjÞ3 ¼ 
ð1þ mÞ sinhð2/jhÞ
E½sinhð2/jhÞ þ 2/jh
Aj C
ðjÞ
4 ¼ 
ð1þ mÞ½1 coshð2/jhÞ
E½sinhð2/jhÞ þ 2/jh
Ajwhere m = mf and the coefﬁcients Aj can be found by using expression (3.2), (3.3) for any prescribed pressure/traction
distribution.
The contact law can be obtained by using Eq. (2.7) in the ﬁrst contact point (r = 0, z = 0) as:wh ¼
X1
j¼1
CðjÞ1 : ð3:6ÞWe assume that the pressure distribution and contact radius area a are given by the classical solutions for the indentation on
an elastic half-space applied to the ﬁlm. Therefore, we focus on the validity of this assumption only for a h (Yu et al., 1990;
Li and Chou, 1997; Schwarzer and Pharr, 2004).
Now, two indenter shapes will be studied for their importance in the continuum adhesion models analyzed in Section 4.
(a) Rigid ﬂat-ended cylindrical punch of radius a. In this case, the pressure distribution on the free surface, for r < a, has the
form:pðrÞ ¼  P
2pa2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r2a2
 qwhere P is the resultant applied load. By using Eq. (3.2), the coefﬁcient Aj becomes:Aj ¼ 
P sinða/jÞ
ab2p/jJ1ðb/jÞ2(b) Rigid spherical punch of radius R. By assuming a R (shallow indentation), the pressure distribution on the free surface
for r < a has the form:pðrÞ ¼  3P
2pa2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 r
2
a2
Þ
r
980 R. Sburlati / International Journal of Solids and Structures 46 (2009) 975–988with:a3 ¼ a3H ¼
3PR
4E
;
1
E
¼ ð1 m
2Þ
EThe coefﬁcient Aj becomes:Aj ¼
3P½a/j cosða/jÞ  sinða/jÞ
a3b2p/3j J1ðb/jÞ2
:4. Adhesive contact theories
A brief outline of the JKR, DMT, and DM half-space adhesive contact theories will be presented in this section as a starting
point for the adhesion analysis of the ﬁlm contact (Maugis, 1999).
The Hertzian contact of a sphere with a plane is a unilateral problem since only compressive stresses exist in the contact
area. If the solids have surface energy, tensile stresses exist both inside and outside the contact area; this area, in turn, be-
comes larger than predicted by the Hertzian theory. The different continuum adhesion theories describe the adhesion con-
tact in terms of pressure–traction distribution force. Therefore, the approach presented in Section 3 is suitable for the
introduction of the adhesion models.
4.1. The Johnson–Kendall–Roberts theory (JKR)
The ﬁrst adhesion theory was presented by Johnson, Kendall, and Roberts (JKR) in 1971 by introducing adhesive forces
only inside the contact area.
In a region of radius aJKR, the pressure is:pJKRðrÞ ¼ 
3aK
2pR
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðr
a
Þ2
r
þ KIﬃﬃﬃﬃﬃﬃ
pa
p 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ra
 2q ; ð4:1:1ÞwithK ¼ 4E
3ð1 m2Þ and KI ¼
a3K
R  P
2a
ﬃﬃﬃﬃﬃﬃ
pa
p ð4:1:2ÞKI is the stress intensity factor for a=aJKR of the adhesive pressurepa(r).
The contact area radius is:a3JKR ¼
R
K
P þ 3pxRþ ½6pxRP þ ð3pxRÞ212
n o
ð4:1:3Þ
with x as the adhesion work. The half-space indentation solution becomes:wJKR1 ¼
a2
R

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8pax
3K
r
with a ¼ aJKR ð4:1:4Þ4.2. The Derjaguin–Muller–Toporov theory (DMT)
In 1975 Derjaguin, Muller, and Toporov introduced a theory which takes into account adhesive forces only outside the con-
tact area. The pressure distribution is:pDMTðrÞ ¼ 
3aK
2pR
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r
a
 2r
with a ¼ aDMT ; ð4:2:1Þwherea3DMT ¼
R
K
ðP þ 2pxRÞ ð4:2:2ÞThe proﬁle is the same as Hertz, and the indentation is:wDMT1 ¼
a2DMT
R
: ð4:2:3Þ4.3. The Tabor parameter
In 1977, Tabor showed that the main defect of the JKR theory was that it neglected the adhesion forces outside the contact
area and sustained inﬁnite stress on its periphery; analogously, the defect of the DMT theory was that it neglected the defor-
mation due to adhesion forces around the contact.
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ory, we have the displacement due only to the ﬂat punch movement:h0 ¼ 6p
2x2R
E2
 1
3
ﬃ x
2R
E2
 1
3
: ð4:3:1ÞTabor noted that if h0 becomes of the order of magnitude of the equilibrium interatomic distance z0 (typically 0.2 nm), the
JKR theory must be corrected. Tabor introduced the following non-dimensional parameter:~l ¼ h0
z0
ﬃ Rx
2
E2z30
 1
3
; ð4:3:2Þand showed that the JKR and DMT theories represent two extreme models of the adhesion problem. In other words, for com-
pliant materials corresponding to ~l 1, it is correct to neglect the adhesion forces outside; these materials are in the JKR
regime. For stiff materials corresponding to ~l 1, it is correct to neglect the adhesion forces inside (the repulsive force);
these materials are in the DMT regime.
In the next subsection, a brief outline of the Maugis–Dugdale model of transition between the JKR and DMT regimes is
presented.
4.4. The Maugis–Dugdale theory (MD)
In 1992, Maugis introduced an adhesion theory by assuming a Dugdale approximation on the Lennard–Jones interaction
attractive forces outside the contact area and a modiﬁed JKR theory inside the contact area. In this way, the resulting Maugis–
Dugdale model spans the range of the Tabor parameter between the JKR and DMT regions (Maugis, 1999; Johnson, 1997).
The adhesive force assumes a constant value r0on an annulus of width d = c  a around the contact zone (Dugdale zone)
until a separation h0is reached, whereupon the value of the adhesive force falls to zero (Fig. 2). In this way, for a 6 r < c, there
is a gap between the sphere and the indenter which is thinner than h0, and the adhesive traction r0 is present. For r > c, the
attractive force described by the Lennard–Jones model is neglected.
In the central region of radius a, the contact is described by the JKR theory (a=aJKR); the singularity of the stress in r = a is
suppressed, and the continuity of the stress with the annulus zone is ensured by introducing a relation between two stress
intensity factors: KI due to the JKR theory and Km corresponding to constant stresses acting in an exterior circular crack sub-
jected to the pressure r0 asKm ¼  r0aﬃﬃﬃﬃﬃﬃpap ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
p
þm2 arctan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
p
Þ; ð4:4:1Þwith a = aJKR (by using (4.1.3)) and m = c/a.
Assuming that KI + Km = 0 determines the contact length d and suppresses the stress singularity; as a result, we have:Fig. 2. The Maugis–Dugdale adhesion model.
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for 0 < r < a
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ð4:4:3ÞThe indentation assumes the form:wMD1 ¼
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ð4:4:4Þwith a = aJKR and c obtained by Eq. (4.4.2).
When m?1 and m? 1, we obtain the Hertzian and JKR results, respectively:wH1 ¼
a2H
R
and wJKR1 ¼
a2JKR
3R

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: ð4:4:5Þ5. Adhesion theory for an elastic ﬁlm
In this section, we apply the previous adhesion theories to a thin ﬁlm by assuming that the pressure distribution and con-
tact radius predicted by the half-space theories may be applied to the ﬁlm. In other words, we adopt a method to obtain the
conﬁnement effects in terms of the ratio a/h and the properties of the ﬁlm/substrate system.
By using the analytical method proposed in Section 3, the pressure distribution of the different theories introduced in Sec-
tion 4 are assumed on the free surface of the ﬁlm in this form:pJKRðrÞ ¼ Hða rÞ 
3aK
2pR
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in 0 < r < aDMT with a ¼ aDMT
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AþHðr  aÞHðc  rÞr0 in 0 < r < c with a ¼ aJKR
ð5:1Þ
where H is the Heaviside function and c is given by Eq. (4.4.2). Furthermore, by using Eqs. (3.2) and (3.3), the Bessel expan-
sion coefﬁcients for the pressure distributions (5.1) take the following forms, respectively:AJKRj ¼ 
3Kðsinða/jÞ  a/j cosða/jÞÞ
R/3j b
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ﬃﬃﬃ
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ð5:2ÞThe use of Eq. (3.6) with the coefﬁcient Aj obtained by (5.2) for the different adhesion theories and coefﬁcients C
ðjÞ
1 presented
in Section 3 gives the contact law with adhesion.
6. Numerical results
In this section, we present a sensibility analysis for different thickness ﬁlms on substrate. Our analysis provides a com-
parison between the half-space solutions and those obtained with the theories presented in Section 3without adhesion and in
Section 4 with adhesion. To this end, we consider loading values ensuring that the ﬁlm remains in the elastic phase and a
meaningful role is played by adhesion forces.
To emphasize the role played by the ﬁlm thickness, we deﬁne a substrate effect factor as:
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wT1 wTh
wH1
;where wT1 denotes the indentations for the different half-space theories (T: H, JKR, MD) and w
T
h denotes the indentations,
computed for a ﬁlm of thickness h, by using Hertzian, JKR, and MD pressure distributions and contact area radii.
In Fig. 3, we analyze the normalized indentation ð1 eHh Þ for a spherical indenter with ﬁlm thickness/contact area radius
ratio aH/h as a function of the substrate/ﬁlm stiffness ratio a = Es/Ef, in the cases of perfectly bonded and frictionless contact
ﬁlm. By considering a range aH/h < 0.1 and ms = mf = 0.4, we plot ﬁlm stiffer than the substrate (a = 0.1, 0.2, 0.5) and ﬁlm softer
than the substrate (a = 2, 10, 100). For hard ﬁlms, the normalized indentation remarkably increases with respect to the half-
space solution applied to the ﬁlm (a = 1) while, for soft ﬁlms, it slowly decreases (less than 6% for rigid substrate). The results
are in good agreement with the results of Yu et al. (1990) on the pressure distributions. It is worth noting that, for hard ﬁlms
(soft ﬁlms), the normalized indentation is greater (smaller) for frictionless interface conditions with respect to perfectly
bonded conditions.
In order to assess the accuracy of the model approximations, ﬁnite element simulations, as a contact problem, are carried
out using the commercial software ANSYS. In Fig. 4, we plot the indentation/ﬁlm thickness ratio wh=h as a function of aH/ h
for a ﬁlm coated on a rigid substrate (Ef = 2MPa, mf = 0.25) and a spherical indenter (R = 10 lm). For a load P=2 lN, the half-
space Hertz solution applied to the ﬁlm gives ah = 1.9 lm andwH1 ¼ 0:367 lm. Speciﬁcally, we compare the numerical values
obtained by the analytical solution ðwHh =hÞwith the values obtained from ﬁnite element contact analysis ðwFEMh =hÞ.We remark
that the analytical results obtained by Eq. (3.6) are in a good agreement with the ﬁnite elements analysis results; more pre-
cisely, for aH/h < 0.1, 0.2, 0.4 we get ðwFEMh wHh Þ=wFEMh < 0:01;0:02;0:04 and eHh < 0:05;0:12;0:25, respectively. These results
validate the main half-space pressure distribution assumption in the range a/h < 0.1 and show the degree of accuracy of the
half-space solution (see also Fig. 3). It is worth noting that for a/h < 0.4 the penetration/thickness ratio wh/h is less than 0.06.
Furthermore, we observe that the ﬁnite element solution is obtained, by using ANSYS code, in a plate of radius b = 200 lm
with a simply supported boundary condition in r = b and a perfectly bonded ﬁlm/substrate interface; the present analytical
solution (Eqs. 2.7 and 2.8), however, gives rise to a radial stress in r = b. This produces a small decrease in the indentation
value (less than 0.01 for a/h < 0.1 (Sburlati, 2006)).
Now, we discuss some examples in which the adhesion effects are sensitive. To this end, we consider a spherical indenter
of radius R = 240 nm and soft thin ﬁlms with Ef ¼ 1:60 GPa, mf = 0.4, and a load range of 0.1 lN 6 P 6 1 lN. In Fig. 5, we plot
the term eHh for different ratios of aH/h for perfectly bonded and frictionless ﬁlm/substrate contact interface conditions. We
observe that, for a ratio aH/h< 0.1, we have eHh < 0:06 and e
HðbondedÞ
h  eHðfrictionlessÞh < 0:015. Furthermore, by comparing these
results with the values given by Shull’s semi-empirical expression for soft materials when a/h < 0.5, we get
eShullh ¼ 1 2aH=ð3hÞ (Shull et al., 1998; Eq. 30). Fig. 5 shows a close agreement between the Shull numerical formula and
solution (3.6) for the perfectly bonded interface condition.
For appropriate use of the adhesion models we observe that, for the numerical example considered in the present section,
the Tabor parameter is ~l ¼ 4:63. Thus, we consider only the JKR and MD theories; we assume the adhesion work
x 	 92 mJ m2 by using the results of Wang et al. (2004).Fig. 3. Normalized indentation 1 eHh with respect to the ratio aH/h for different a = Es/Ef.
Fig. 4. Indentation/ﬁlm thickness ratio wh/h with respect to aH/h obtained by Eq. (3.6) and by ANSYS code.
Fig. 5. Corrections eHh to the Hertzian displacement for different aH/h; the black dotted line is the semi-empirical Shull expression.
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The numerical results conﬁrm that the JKR and MD theories are in agreement when describing the indentation for the
half-space case; indeed, for a load P=1 lN, the half-space solutions applied to the ﬁlm give wH1 ¼ 9:71 nm;wJKR1 ¼
10:18 nm andwMD1 ¼ 10:20 nm with aH = 48 nm, aJKR = 60 nm, and cMD = 64.4 nm. We observe that by ﬁxing the ratio
wTh=h, the presence of adhesion increases the contact area ratio: aMD/h > aJKR/h > aH/h. For instance, if w
T
h=h ¼ 0:02, the term
aT/hincreases by about 15%.
In Fig. 7, we plot the contact law for a 0.4 lm thickness ﬁlm and observe how the presence of adhesion gives rise to an
increasing of the indentation. For small loads, the JKR and MD theories are in agreement since the presence of the substrate is
not so relevant. Furthermore, with the increasing of the load, the JKR and MD adhesion models begin to be sensitive to the
substrate effect. The MD theory is probably more sensitive due to the presence of traction forces in the annulus (c-a).
In Fig. 8, we consider ﬁnite thickness Hertz, JKR, and MD theories and compare indentations wTh as functions of the ﬁlm
thickness h. We observe that, due to ﬁnite thickness of the ﬁlm, the JKR and MD theories present a different behavior even
Fig. 6. Plots of wTh=h with respect to aT/h for ﬁnite thickness ﬁlm with Hertz, JKR, and MD pressure distribution.
Fig. 7. Contact law for the Hertz, JKR, and MD ﬁnite thickness theories.
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Hertz and JKR theories; this is probably due to the fact that, by ﬁxing aJKR, MD theory presents a pressure distribution on
a wider circle of radius c and so it is more sensitive to the substrate effect.
In addition, for monolithic materials, Hertzian theory overestimates the elastic moduli when adhesive interactions
are neglected; moreover, for ﬁlm/substrate systems, this overestimate may be further affected by the substrate effect.
Fig. 8. For ﬁnite thickness Hertz, JKR, and MD theories, we plot wTh with respect to the thickness.
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values obtained become numerically stable (by further increasing b) and so the speciﬁc choice assumed for b becomes irrel-
evant. In our examples by assuming b=10a, we truncated the series when the data will stabilize (typically with about 300
terms).7. Conclusion
This paper was motivated by the need to better understand the indentation contact of ﬁlms or coatings. By using a sim-
pliﬁed model taking into account the thickness of the layer, we have shown that it is possible to construct a solution that
agrees reasonably well with the results obtained using numerical methods. The validity of the analytical model proposed
here is restricted to those conﬁgurations where the contact region radius is much smaller than the ﬁlm thickness, so that
the local elastic half-plane pressure distribution can be assumed with a good degree of accuracy.
More precisely, we show that if a/h < 0.1, then the contact mechanics theory for monolithic materials can also be used for
soft ﬁlms with a discrepancy less than 6%. The frictionless contact interface condition increases the compliance with respect
to the perfectly bonded ﬁlm less than 1.5% for a/h < 0.1. These results conﬁrm that the presence of interface cracks can give
rise to an increase in the contact compliance of a layered medium by using indentation tests (Gao et al., 1992).
Moreover, when adhesive interactions are present, Hertzian theory overestimates the elastic moduli for monolithic mate-
rials; in a soft ﬁlm on a rigid substrate, the overestimate also increases for the presence of the substrate leading to an in-
crease in the ﬁlm stiffness. With the presence of adhesion (for ~l ﬃ 5Þ the JKR ﬁnite theory quickly converges to the half-
space solution with respect to the MD theory; this is due to the different adhesion pressure distribution.
The numerical results indicate that the solution (3.6) gives a good estimation of the ﬁrst response of sensitivity to the
substrate presence; for this reason, these results can provide a guideline for selecting the appropriate soft ﬁlm thickness
and substrate to determine the elastic constants of thin ﬁlms using indentation tests. The elastic constants may be deter-
mined within the desired accuracy by giving the minimum ﬁlm thickness so that the theory for the homogeneous elastic
half-space may be appropriately assumed on the layer.
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Ef
ð1þ mf Þ J0ð/jrÞ½C
ðjÞ
1 /j sinhð/jzÞ þ CðjÞ2 /j coshð/jzÞ þ CðjÞ3 ðð1 2mf Þ coshð/jzÞ þ /jz sinhð/jzÞÞ
þ CðjÞ4 ðð1 2mf Þ sinhð/jzÞ þ /jz coshð/jzÞÞ;
rðf Þrz ðr; zÞ ¼
Ef
ð1þ mf Þ J1ð/jrÞ½C
ðjÞ
1 /j coshð/jzÞ þ CðjÞ2 /j sinhð/jzÞ þ CðjÞ3 ð2ð1 mf Þ sinhð/jzÞ þ /jz coshð/jzÞÞ
þ CðjÞ4 ð2ð1 mf Þ coshð/jzÞ þ /jz coshð/jzÞÞ;
rðf Þrr ðr; zÞ ¼
Ef
ð1þ mf Þ
1
r
ðCðjÞ1 sinhð/jzÞ þ CðjÞ2 coshð/jzÞÞð/jrJ0ð/jrÞ þ J1ð/jrÞÞ þ
Ef
ð1þ mf Þ
CðjÞ3
r/j
ððð3 4mf Þ coshð/jzÞ
þ /jz sinhð/jzÞÞJ1ð/jrÞ  ð/jrð3 2mf Þ coshð/jzÞ þ /2j rz sinhð/jzÞÞJ0ð/jrÞÞ þ
Ef
ð1þ mf Þ
CðjÞ4
r/j
ððð3 4mf Þ sinhð/jzÞ
þ /jz coshð/jzÞÞJ1ð/jrÞ  ð/jrð3 2mf Þ sinhð/jzÞ þ /2j rz coshð/jzÞÞJ0ð/jrÞÞ
rðf Þ##ðr; zÞ ¼ 
Ef
ð1þ mf Þ
1
r
ðCðjÞ1 sinhð/jzÞJ1ð/jrÞ þ CðjÞ2 coshð/jzÞJ0ð/jrÞÞ 
Ef
ð1þ mf Þ
CðjÞ3
r/j
ððð3 4mf Þ coshð/jzÞ
þ /jz sinhð/jzÞÞJ1ð/jrÞ þ 2mf/jr coshð/jzÞJ0ð/jrÞÞ 
Ef
ð1þ mf Þ
CðjÞ4
r/j
ððð3 4mf Þ sinhð/jzÞ
þ /jz coshð/jzÞÞJ1ð/jrÞ þ 2mf/jr sinhð/jzÞJ0ð/jrÞÞ
and analogously for the substrate.
Expression for the coefﬁcients in Section 3.
(a) Perfectly bonded caseDbonded ¼ /jð4ms  3Þðms þ 1Þ2½/2j h2  sinhð/jhÞ2E3f  2/jðmf þ 1Þðms þ 1Þ½2ðmf  1Þðms  1Þ sinhð2/jhÞ  ð2mf  1Þ

 ð2ms  1Þ sinhð/jhÞ2 þ /2j h2ð2ms  1ÞE2f Es þ /jðmf þ 1Þ2½ð4mf þ 3Þ sinhð/jhÞ2 þ 4þ 4ðmf  2Þ þ /2j h2Ef E2s
CðjÞ1b
Dbonded
Aj
¼ ð4ms  3Þðm2f  1Þðms þ 1Þ2½2/hj þ sinhð2/jhÞE2f þ ½2ðmf  1Þð2mf  1Þðmf þ 1Þ2ðms þ 1Þð2ms  1Þ sinhð2/jhÞ
þ 16ðm2f  1Þ2ðm2s  1Þ sinhð/jhÞ2Ef Es þ ½4ðmf  1Þðmf þ 1Þ2ðms þ 1Þð/jhð2ms  1Þ þ 2ðmf  1Þðms  1ÞÞEf Es
 ðm2f  1Þðmf þ 1Þ2½ð4mf  3Þ sinhð2/jhÞ þ 2/jhE2s
CðjÞ2b
Dbonded
Aj
¼ ð4ms  3Þðmþf 1Þðms þ 1Þ2½/2j h2 þ ðmf  1Þ2 sinhð/jhÞ2E2f ½2ðmf þ 1Þ2ðms þ 1Þð2ms  1Þ/2j h2 þ 2 8ðm2f  1Þ

 ðm2s  1Þ sinhð2/jhÞEf Es þ ½2msð2mf  1Þðmf  1Þðmf þ 1Þ2ð2ms þ 1Þ þ 2mf ð3mf  1þ ð2mf þ 1Þm2f Þ
 4ð2mf  1Þðmf  1Þðms þ 1Þðmf þ 1Þ2ð2ms  1Þ sinhð/jhÞ2Ef Es þ ðmf þ 1Þ3½ð4mf  3Þðmf 1Þ2 sinhð/jhÞ2 þ 8m2f
 14mf þ 6þ /2j h2E2s
CðjÞ3b
Dbonded
Aj
¼ ð4ms  3Þðmþf 1Þðms þ 1Þ2/j sinhð/jhÞ2E2f  2/jðmf þ 1Þ2ðms þ 1Þ½2ðmf  1Þðms  1Þ sinhð2/jhÞ þ ð2mf 1Þð2ms 1Þ

 sinhð/jhÞ2 þ ð2ms  1Þðmf  1ÞEf Es þ /jðmf þ 1Þ3½ð4mf  3Þ sinhð/jhÞ2 þ 2ðmf  1ÞE2s
CðjÞ4b
Dbonded
Aj
¼ 1
2
/jð4ms  3Þðmf þ 1Þðms þ 1Þ2½2/jhþ sinhð2/jhÞE2f þ /jðmf þ 1Þ2ðms þ 1Þ½2ðms  1Þð2mf  1Þ sinhð2/jhÞ
þ 8ðmf  1Þðms  1Þ sinhð/jhÞ2 þ 2h/jð2ms 1Þ þ 4ðmf  1Þðms  1ÞEf Es 
1
2
/jðmf þ 1Þ3½ð4mf  3Þ sinhð2/jhÞ
þ 2/jhE2s
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Dbonded
Aj
¼ ðm2f  1Þðms þ 1Þ2½ð4ms þ 2/jhð2ms 1Þ  3Þ sinhð2/jhÞ þ ð4/jhð2ms 1Þ þ 8ms 6Þ sinhð/jhÞ2 þ 2/jhð4mþs /jh 3Þ

 E2f  ðmf 1Þðmf þ 1Þ2ðms þ 1Þ½2/jhð2mf  1Þ  6ms þ 8msmf  6mf þ 5 sinhð2/jhÞEf Es
þ ½16msmf þ 4/jhð2mf  1Þ  12ms  12mf þ 10 sinhð/jhÞ2Ef Es
þ ½2/jhð2ms þ 2mf  3Þ þ 8ðmf  1Þðms  1Þ þ 2/2j h2Ef Es
Q ðjÞ4b
Dbonded
Aj
¼ /jðm2f  1Þðms þ 1Þ2½2/jhþ sinhð2/jhÞ þ 2 sinhð/jhÞ2E2f þ /jðmf  1Þðmf þ 1Þ2ðms þ 1Þ½2/jhþ ð4mf  3Þ2

 sinhð/jhÞ2  4þ ð4mf 3Þ sinhð2/jhÞ þ 4mf Ef Es(b) Frictionless contactDcontact ¼ ðm2s  1Þ½/2j h2  sinhð/jhÞ2/jE2f 
1
2
ðm2f  1Þ½2/jhþ sinhð2/jhÞ/jEsEf
CðjÞ1c
Dcontact
Aj
¼ ðm2f  1Þ½ðm2s  1Þð2/hj þ sinhð2/hj ÞÞEf þ 2ðm2f  1Þ sinhð/hj Þ2Es
CðjÞ2c
Dcontact
Aj
¼ ðmf þ 1Þ½ðm2s  1Þððmf  1Þ2 sinhð/jhÞ2 þ /2j h2ÞEf þ ðm2f  1Þððmf  1Þ sinhð2/jhÞ  /jhÞEs
CðjÞ3c
Dcontact
Aj
¼ 1
2
/jðmf þ 1Þ½ðm2s  1Þ2 sinhð/jhÞ2Ef þ ðm2f  1Þ sinhð2/hj ÞEs
CðjÞ4c
Dcontact
Aj
¼ 1
2
/jðmf þ 1Þ½ðm2s  1Þðsinhð2/jhÞ þ 2/jhÞEf þ 2ðm2f  1Þ sinhð/jhÞ2Es
Q ðjÞ2c
Dcontact
Aj
¼ 1
2
ðms þ 1Þðm2f  1Þð2ms þ /jh 2Þ½ð/jhþ 1Þðsinhð2/jhÞ þ 2 sinhð/jhÞ2Þ þ 2/jhEf
Q ðjÞ4c
Dcontact
Aj
¼ 1
2
/jðms þ 1Þðm2f  1Þ½ð/jhþ 1Þðsinhð2/jhÞ þ 2 sinhð/jhÞ2Þ þ 2/jhEfReferences
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